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Introduction

Setting

Navier Stokes Equations in an Inertial Frame of Reference

— + (u-Vu—vAu+Vp=HFf in Q x (0, T]
V-u=0 in Q x (0, T]

Q c R? bounded polyhedral domain
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Introduction
Setting

Navier Stokes Equations in an Inertial Frame of Reference

— + (u-Vu—vAu+Vp=HFf in Q x (0, T]
V-u=0 in Q x (0, T]

Q c R? bounded polyhedral domain

Navier Stokes Equations in a Rotating Frame of Reference

%+(V.V)v—yAv+2wxv+V5=f in Qx (0, T]

V-v=0 inQx(0,T]

cu><(<.,.,v><r):—%V(c.:><r)2 'ﬁ:p—%(wxr)2
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Time discretization

Pressure-Correction Scheme, Diffusion step

Find 0" such that
1
2At
- 1 ~
+ (u” - Va4 E(V - u*)ukH)

(3ﬁk+1 _ 4uk + uk—l)
— V2 42w x aFTE 4 Vpk = £(tKF) in Q

and satisfying

w1t =0 on 9.
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Time discretization

Pressure-Correction Scheme, Projection step

Find (u%*! pk*1) such that

1 -
Q—At(3uk+1 — 30 4+ Vel =0in Q
V-ukl =0,  unjga=0inQ

and satisfying
u*t1 . n =0 on oQ.
The updated pressure is then given by
Pkl = gkt 4 pk _ v . gkt

where a € {0,1}.
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Time discretization

Standard Pressure-Correction Scheme, Error Estimates

Theorem (Rates of convergence for o = 0)

Provided (u, p) is sufficiently smooth, (uat, Uar, Pat) Satisfies

lu = vacllpqe@p) + lu = Bacllpge@)e) < CAE
1P = paclle(r2()) + 0 = Uaelle ey < CAL

Similar to the proof by Guermond and Shen in [GS04] O

] Vpk+1 . n|39 So00 = Vpo . n|aQ
non-physical Neumann boundary condition leads to numerical
boundary layer, reducing the order of convergence

@ the splitting-error is of size O(At?)
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Time discretization

Rotational Pressure-Correction Scheme, Error Estimates

Theorem (Rates of convergence for o = 1)

Provided (u, p) is sufficiently smooth, (uat, Uat, Pat) Satisfies

lu— UAt||/2([[_2(Q)]d) + |lu— ﬁAtH/Z([LZ(Q)]d) < CAt?

= 3
[u —vacllprr@pe + lu = vacll e @)e) < CAL?

3
P — patllpe) < CAt?

Similar to the proof by Guermond and Shen in [GS04] O

o Vpk+1 . n|39 = (f(tk_H) — vV x V x Uk+1) : n|§Q
is a consistent pressure boundary condition

@ the splitting-error is of size O(At?)
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Stabilized Spatial Discretization

Overview

© Stabilized Spatial Discretization
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Stabilized Spatial Discretization
Weak Formulation

Find U = (u,p) : (0, T) = V x Q = [H}(Q)]9 x L3(), such that J

(Oru,v) + Ag(u,U, V) = (f,v) VYV =(v,q) eV xQ

where

Ac(w; U, V) = ag(U,V) + c(w;u,v)
ac(U,V) = V(V Vv) + (2w x u,v) — (p,V-v) +(q,V - u)

((w-V)u,v) = (w-V)v,u)
2

a

c(w,u,v) =
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Stabilized Spatial Discretization

Local Projection Stabilization

@ Separate discrete function spaces into small and large scales

@ Add stabilization terms only on small scales.

Daniel Arndt Projection Methods for Rotating Flow 12



Stabilized Spatial Discretization

Local Projection Stabilization

@ Separate discrete function spaces into small and large scales

@ Add stabilization terms only on small scales.

Notations and prerequisites

e Family of shape-regular macro decompositions { M}
o Let Dy C [L®(M)]9 denote a FE space on M € My, for uy,.

o For each M € My, let mp: [L2(M)]9 — Dy be the
orthogonal L?-projection.

@ xp = Id — mp fluctuation operator

o Averaged streamline direction uy € R9:
lupm| < Cllull ooy, llu —umllec(vy < Chmlulpwreo vy
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Stabilized Spatial Discretization

Assumptions

Assumption (A.1)

Consider FE spaces (V},, Qp) satisfying a discrete inf-sup-condition:

inf sup (V-v.q) >B>0

a€@n\{0} vev,\(oy IVVilz@llallz@) —
= Vp® :={v, € Vi | (V Vi qn) =0 Yaqs € Qu} # {0}

Assumption (A.2)

The fluctuation operator kpy = id — wpy provides the
approximation property (depending on Dy and s € {0, --- , k}):

|5mwlf2(ary < Chfv,HwHW/,z(M), Yw e WH2(M), M e M, | <s.

A sufficient condition for (A.2) is Ps_1 C Dpy.
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Stabilized Spatial Discretization

Assumptions

Assumption (A.3)
Let the FE space V}, satisfy the local inverse inequality

||VVh||L2 < Chy, lHVhHLz M) Vvp € Vi, M € My,

Assumption (A.4)

There are (quasi-)interpolation operators j,: V — V} and j,: Q — Qp
such that for all M € My, for all w € VN [W"2(Q)]4 with 2 < [ < k+1:

lw — juw (| 2y + |V (W = juw) [l 2wy < ChipglI Wl w2 (o)
and for all g € @ N H'(M) with 2 < | < k on a suitable patch wy D M:

llg = Jpallzomy + hmlIV (g — jp @)l 2(my < Chigllgllwrz(on)
v = Juvl oo (my < Chm|V|wr.o(m) VV € [whee(m)]?.
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Stabilized Spatial Discretization

Stabilization Terms

@ LPS Streamline upwind Petrov-Galerkin (SUPG)

sh(whiu,v) = Y m(win)(m((wias - V)u), wa (W - V)V))w
MeMy

@ div-div

th(Wp; u,v) = Z Ym(Wm)(V -u, V- vy

MeMy
@ LPS Coriolis stabilization
ap(wp; up,vp) = Z apm(wWy)(k(wn X up), k(wuy X vi))m
MeMy
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Stabilized Spatial Discretization

Stability and Existence

Stabilized Problem
Find U, = (uh,ph) : (0, T) — Vhdiv X Qh, s.t. VYV, = (Vh7 qh) € Vhdiv X Qh

(Orun,vh) + Ac(un; Un, Vi) + (sh + tn + an)(us; up, vi) = (F,va)
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Stabilized Spatial Discretization

Stability and Existence

Stabilized Problem

Find U, = (uh,ph) : (0, T) — Vhdiv X Qh, s.t. VYV, = (Vh7 qh) € Vhdiv X Qh

(Orun,vh) + Ac(un; Un, Vi) + (sh + tn + an)(us; up, vi) = (F,va)

Define for V € V x Q the norm ||| V||[3ps := v||VV||® + (sh + tn + an)(V, V).
Then the following stability result holds:

t
lua()1 220 +/O Un(s)l|7ps ds < [un(0)]72(q) + 3IIFlI 20, 7120
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Stabilized Spatial Discretization

Stability and Existence

Stabilized Problem

Find U, = (uh,ph) : (0, T) — Vhdiv X Qh, s.t. VYV, = (Vh7 qh) € Vhdiv X Qh

(Orun,vh) + Ac(un; Un, Vi) + (sh + tn + an)(us; up, vi) = (F,va)

Stability

Define for V € V x Q the norm ||| V||[3ps := v||VV||® + (sh + tn + an)(V, V).
Then the following stability result holds:

t
lua()1 220 +/O Un(s)l|7ps ds < [un(0)]72(q) + 3IIFlI 20, 7120

A

Corollary (using the generalized Peano theorem)

3 discrete solution uy, : [0, T] — V™ for the LPS model.
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Stabilized Spatial Discretization

Theorem (A., Lube 2014)

Assume a solution according to
u € [L(0, T; W™ (Q)) N L2(0, T; (W 2(Q))]Y,
dwu € [L2(0, T; WS2(Q))]Y, p € L2(0, T; WH2(Q)).

Let be ux(0) = jyuo.
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Stabilized Spatial Discretization

Theorem (A., Lube 2014)

Assume a solution according to
u € [L(0, T; W™ (Q)) N L2(0, T; (W 2(Q))]Y,
dwu € [L2(0, T; WS2(Q))]Y, p € L2(0, T; WH2(Q)).

Let be uxs(0) = jyuo. Then we obtain for e, = up — j,u:
el o epizce / llen(r)l|Zpsdr

2% wi—r) | . d 1 2
<cC Z hiv / [mm (;, W)|p(7)|wk,2(wM)
+ (1 + vRes + Tmlum|* + dym + aml|w||Zoo (ary Biv) [u(T) Fyki.2py

+ (TM|UI\/I| + amhiy Hw”Loo(M)) h (s— k)|u(7)|f,vs+1,z(wM)

00U (| I
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Stabilized Spatial Discretization

Theorem (A., Lube 2014)

Assume a solution according to
u € [L(0, T; W™ (Q)) N L2(0, T; (W 2(Q))]Y,
dwu € [L2(0, T; WS2(Q))]Y, p € L2(0, T; WH2(Q)).

Let be uxs(0) = jyuo. Then we obtain for e, = up — j,u:
el o epizce / llen(r)l|Zpsdr

- .od 1
<cyH / 2 i (2, L) p(r) ik

+ (1 + vRey + mmluml® + dym + aml|w|[Feo (uyhin) U(T) [fyks12(0)
+ (TM|UI\/I| + amhiy Hw”Loo(M)) h (s— k)|u(7)|f,vs+1,z(wM)
00U (| I

with Rey := M s € {0,---, k} and the Gronwall constant
Co(u) =1+ Clulioc (o, rwrioo()) + Ch”"”ioo(o,r;wlvoom))
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Stabilized Spatial Discretization

Choice of Parameters and Projection Spaces

We achieve a method of order k provided

VR < C s hy< VY
[lul[ oo ()

h2(k—s)
TM|UM|2hﬁ/1(57k) <C=m< T0‘|A:M|2

1
max{—,vm} < C =y ="
Y

o1 . h2(k7571)
aM”wHioc(M)hN(, +s—k) <C=ay <o

Hw||2oo(m)

Examples for suitable projection spaces

@ One-Level: Qx/Qk—1/Q¢, P/Pr—1/Pt, Qu/P_(x—1y/P: VYVt < k—1
@ Two-Level: ]P)k/]P)k_l/]P)t, @k/@k-]/@f, Qk/Pf(kfl)/Pt Vt < k—1
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Numerical Results

Overview

@ Numerical Results
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Numerical Results
Couzy Testcase

0.0

I

Choose f such that the following pair is a solution in Q = [0, 1]*:

u(x) = sin (t) (—cos <17rx) sin (17ry>,sin (17Tx> cos (lwy)> '
2 2 2 2

p(x) = —7sin <;7rx> sin (;w) sin (rt).
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Numerical Results

Couzy Testcase, unstabilized

. Ro=10°
10 T T T T T T T T
Ek=10°
HEk=1072
>Ek=10"
, H#Ek=107"
10 ¢ —p2
h3
5 ]
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10° F 4
-10 Il L
10 ‘ ‘ ‘ L
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Numerical Results

Couzy Testcase, stabilized

. Ro=10°
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Numerical Results

Couzy Testcase, unstabilized

. Ro=10°
10~ T T T T T T T T
HEk=10°
HEk=1072
HEk=10"3
. H#Ek=10"*
10 —p!
h2
§ 4
S i
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-8 | .
10 ‘ ‘ ‘ L
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Numerical Results

Couzy Testcase, stabilized
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Numerical Results
Numerical Results, Rotating Poiseuille Flow

o Q=[-22 x[-1,1]

_ (1_y270)T’ X = =2 . _ _
° U(X7y)_{(0,0)7—, yl=1" (Vu-n)(x=2,y)=0

oup=0, po=0 Ff=0 w=(0,0100), v=103

Flow for the parameters w = (0,0,1), v = 1071
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Numerical Results

Rotating Poiseuille Flow, div-div

u Mag
16.4-

o' —
N

N

m|1|vvvv\\\\\\\\\\\\\m
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Numerical Results

Rotating Poiseuille Flow, div-div

O NWhOON®

od WS hh b

-1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1 O 01 02 03 04 05 06 07 08 09 1
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Numerical Results

Rotating Poiseuille Flow, div-div adaptive

N

N

Ne]
N
o

o

t
:
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Rotating Poiseuille Flow, div-div adaptive

Numerical Results

—u0)
—0)

01 02 03 04 05 06 07 08 09 1 112 13 14
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Numerical Results

Rotating Poiseuille Flow, Coriolis

[e°)

13,17E]2

o

Q
[y
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Rotating Poiseuille Flow, Coriolis

Numerical Results

—u0)
—0)

01 02 03 04 05 06 07 08 09 1 112 13 14
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Numerical Results

Rotating Poiseuille Flow, SUPG

N

[e°)

S

A
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Numerical Results

Rotating Poiseuille Flow, SUPG

13 =
.

o =

=~ O . N Wb oo N®O
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Numerical Results

Rotating Poiseuille Flow, SUPG Coriolis

N

o
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oo —
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Numerical Results

Rotating Poiseuille Flow, SUPG Coriolis

01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 1.7 18 19 2
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Numerical Results

Rotating Poiseuille Flow, SUPG Coriolis Adaptive

Q
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Numerical Results

Rotating Poiseuille Flow, SUPG Coriolis Adaptive

01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 1.7 18 19 2
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Summary

Summary

Temporal Discretization

Using a BDF2 approach

@ Second order convergence in the velocity w.r.t || - || 2(z2(q)%)
o Convergence of order 3/2 in the velocity w.r.t || - || 2((r1(Q)¢)
and in the pressure w.r.t || - || 2(r2(a)%)

Spatial Discretization
The Local Projection Stabilization approach provides
@ Stability and Existence

@ Quasi-optimal error estimates for standard discretizations
(e.g. Taylor-Hood)

Numerical results confirm analytical estimates
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Thank you for your attention!
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