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Introduction

Rotating Oberbeck-Boussinesq Model

Momentum Equation

ou—vAu+ (u-V)u+Vp+2w x u=f, — g,

V-u=0,
ulpq = up,
U(to) = Up

060 — a6 + (u- V)0 = 1y,
flaa = Ob,
0(t) = 6o
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Introduction

Weak Formulation

Momentum Equation

Find (u,p): (t, T) — V X Q, such that

(Oru,v) +cy(u;u,v) + (2w x u, v)
+v(Vu,Vv) — (p,V - v) + (Bg0, v) = (f,, v),
(V-u,q)=0

holds for all (v,q) € V x Qandt € (t, T) a.e.
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Introduction
Weak Formulation

Heat Equation
Find 6 € © := W, ?(), such that

(0:0,9) + V0, V) + co(u; 0,4) = (fy, ¥)

holds forall ) € © and t € (t, T) a.e

oW 0,16) = 2 [(w-V)8,0) — ((w- V)1, 6)]
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Introduction

Aim

U= (ua P, 0)7 Z/lh = (uhvphv 9’7)
@ suitable stabilization and choice of parameters
@ quasi-optimal error estimates

HU - uh||12°°(t0,T;L2(Q)) + |||L{ - uh|||l22(tg,T;Stab)
< CeCe(T—h) <1|/f\1;fh {||Ll - Wh||/2oo(to,T;L2(Q)) + [ — Wh||/22(t0,r;srab)}>
@ semi-robustness

C(/a/vﬂ’/l/v)() CG(%ﬂ’}/v)()

o efficiency of the resulting scheme— projection scheme
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Introduction

Local Projection Stabilization

Wy —

Idea: Stabilize only small scales

Family of macro decompositions { M}
Dy C [L°°(M)]¢ finite element ansatz space on M € M,
7m: [L2(M)]? — Dy orthogonal L2-projection

kp = Id — mp fluctuation operator

averaged streamline direction uy € RY:
lum| < Cllulloo(mys |u — Umll ooy < Chmlulwr.oo(m
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Introduction

Stabilization Terms

Velocity

(V- un,an) — Tugam(V - Up, V- vp)u
cu(upup,vp)  —  Tusum(E((Um - V)un), s(uy - V)vp)y
2((.0 X Up, Vh) — Tu7co,—7M(f£(w X uh),m(w X Vh))M

V.

co(un; On,vn)  — 7o, sum(E((Um - V)0n), ((Up - V)bn))m

v
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Introduction

Assumptions

Interpolation Operators
The interpolation operators j,: V — V4, jo: Q = Qpand jp: © — O
fulfill for all M € Mp, w € VN [H“(Q)]9 ,g € QN H?(M) and
Y € © N HY (M)
lw — juwll 2y + Pl V(W = juw) |l 2y < ChiglIW | w2y
. [/
g — JpQ||L2(M) + mlV(q = p@)llzmy < Chpllallwee(y)
% = o llczgany + Pl V(% = o) |2y < Chigllll i 2o

on a patch wy D M. Furthermore it holds j, (V") ¢ V¢V and

v = JjuVlloomy < ChumlV]wtoo oy Vv € W (wm)]°.
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Introduction

Assumptions

Fluctuation Operators

For all M € M, it holds
@ kY V — Viulfils forall w € VN [H*(Q)]? and |, < s, < k.

5wl 2y < Chigl| Wl 2(m)

@ k§: © — Ofulfilsforally € ©N He(M)and Iy < sp < ky
lmpllzquny < Chipllllwo 2y

Inf-Sup Stability

Consider inf-sup stable ansatz spaces (V,, Qx):

inf su (V- V. Gn) > Bun(f) >0

qeQ,\ {0} vhevh\{o} Hv‘/hHLz(Q)Hq””L2
= V"= {vy € Vy [ (V- Vvh,qn) =0 Vg, € Qu} # {0}
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Analytical Results

Discretization in Time - Velocity

Find U}, € Vj, such that

(Dt(32n Upy),Vh) + (20" x t’Ztth) + V(Vt’vavh) + CU(HZN TlZ,,Vh)
+ SU,SU(EZt; EZth) + SU,COf(wn’ EZtvvh) + szQd(EZtavh)
= (fgvvh) _ (V,DZ;1 >Vh) - /5(9”9;;”,%)

holds for all v, € V.

~n n—1 n—2
_ Uy —4Auy, +uy

Dy(Uhy, Upy) = AT fon = 2f11 — 12
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Analytical Results

Discretization in Time - Pressure and Temperature

Find (uf,, pl) € VY x Qp, such that

<3u2t — 3up,

onr Ve —pr ), yh) =0,

(V- uh, gn) =0

holds for all y, € VQ, @ V&, qn € Qp.

Find 67, € ©p, such that

DY(HZU wh) + a(vegtv V’(ﬁh) + CQ(TIZI‘; 921‘7 wh)
+50,50(Uhe: Oh ¥n) = (£, 4n)

holds for all ¥, € ©,.
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Analytical Results

Strategy

@ Split error according to
Ny = u(ty) — jut(ts) €)= juu(ty) — Uy &) =1y + e
@ Estimate the discretization error in each equation separately
@ Combine discretization error estimates
@ Combine with with interpolation errors =- total error
@ Assumption on interpolation operators np = convergence

|||U|HiPSu = V||VU||S + Su,ga(U, U) + sy su(Uns; U, U) + Sy cor(w; U, U)

11611[Zps, = VOIS + so.5u(tnt, 0)
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Analytical Results

Convective Terms |

Lemma

Assuming u € L*(ty, T; [W">°(Q)]?) the difference of the convective
terms can be bounded by

c(u(th): u(tn), €j) — c(Uhy: Uy, €f)

1 1+ vRes
=% Z TM”nZHfz(M) + 3ell[mgll[Zps + 4ell €G] s
M M

C h?
+ [‘u(tn)|w1’°°(ﬂ) + (6h2 + — max ’TM> lu(to) .02 0y | 1 €0N ()

with the local Reynolds number Rey := h||u(ts)|| oo (my/v-
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Analytical Results

Convective Terms Il

Assuming u € L*®(ty, T; [W'>°(Q)]9) and tp € I°°(ty, T; [L(2)]7)
the difference of the convective terms can be bounded by

c(u(ta); u(th), €f) — c(Up: Up, €))

Ch
lu(tn)lwi.o + fhzr‘u(tn) W1,00 + | (tn)‘w1 oo

Chr2 2 AL ni2
+ lu(tn)l5% + eh™ || uhll% | lledlls

©,_ _ _
+ —h g6 + 3eh™ [l Zas + 3eh™ [l €GlIzes

where C(h, ¢,v) andr € {0,1}.
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Analytical Results

Convergence

Theorem (Convergence LPS)

c 112 c 112 e 12 c 112
[€ullioe (1, 7512y + 1€0liee (9, 7:02) + [1€ull2(o, 7:1ps,) + 1601120t 7:LPS5)
< eT—tg (At2 + h2ku + h2kp+2 + h2k9)

provided
~n |2 2k, —2
Mn;%h{Tg,SU,M’uM’ } S vhTeEs Tigd ~ 1
~n |2 2ky—2 2 2k,—2—2
Mrg?\il(h{Ten,SU,M|uM| } S h=re—=s0 TL?,Cor|wn’ 5 h= .
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Analytical Results

Convergence L2

Theorem (Convergence L?)

For the L2 error it holds the improved error estimate

||€U|’/2w(to,T;L2) + H£9H/200(to,T;L2)

g eT*to <(At)2 + h2ku+2 + h2kp+4 + h2k9+2>

provided At < h? and

Tuga ~ 1 Mng%(h{ﬂsu,mmn/w‘z} < phPtEke=2sy

ky— =~ o
i corI* S IPETE ma {7 sul B[} S BT
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Analytical Results

Convergence L2

Theorem (Convergence L?)
For the L2 error it holds the improved error estimate
£ 12 Z 2
||€UH/oo(to,T;L2) + H£9H/oo(to,T;L2)
L 4
< e% <(At) 4L h2ku+2 + h2kp+4 4 h2k9+2>

~ VS

provided At < h? and

n n ~n 2 242k, —2s
T 0g ~ 1 max {, u < phorEuT S
u,gd Mth{ u,SU,M‘ M‘ } ~
n n|2 2ky—2s, n —n |2 2-+2kg—25¢
Thcorlw@"|= S A= max {7 gy ylup[“} < h
MeMp
At ik
K== +At— <1
14 14

Daniel Arndt, Helene Dallmann Stabilized FEM for Rotating Oberbeck-Boussinesq Flow



Analytical Results

Convergence - Pressure

Theorem (Pressure)
The total pressure error can be bounded by

[[3[—
2 1°(1o, T;L?) 2
1ol (6, 7:12) < (At)oz + 160111, 7:Ps,)

+ 16916, 7i12) + (A1)

provided the assumptions for the estimates on the LPS errors are
fulfilled.
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Numerical Results

Rayleigh-Bénard Convection

Flow driven by temperature gradient J

Dirichlet boundary conditions for upper and
lower boundary:

Ovottom = 0.5, 9t0p = —0.5,

and isolating hull:
n-Vé|,—s=0

Ra = |g|BA0H? /(va) No-slip boundary conditions for the velocity:
Pr=v/a

u= 0‘39

Daniel Arndt, Helene Dallmann Stabilized FEM for Rotating Oberbeck-Boussinesq Flow 18



Numerical Results

Rayleigh-Bénard Convection - Iso Surfaces and Benchmark

Ra=10%Pr=0.786 Ra=10",Pr=0.786 Ra=10°% Pr=10.786

heat flux

@ Nusselt number as measure for heat conduction

Nu(zo, t) (uz0 — @0,0) ;- (20, t)

L
~ aAAf
@ Nu(zy,t) = Nu(t) for stationary solutions and in the time average

o = max{|Nu*® — Nu(z)|,z € {-0.5,—-0.25,0,0.25,0.5} }
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Numerical Results

Parameter Design, Pr = 0.786, Ra = 10° (N = 10 - 8%)

avg avg ref
Tugd  Tusu Tosu | NUgy — Oum ‘ Nujgpy  Tid,b0 ‘ Nu

0.01 0 0 4146 40.20 | 47.53 23.40 | 63.1
0.01 hu1 0 38.71 43.03 | 44.30 24.79
0.01 0 hut 3761 10.84 | 5426 16.53
0.01 hut hut 37.05 10.31 49.13 1292

Tugd Tusu Tosu | Nuy® Oht NE® ow | NU® ==
0 0 0o | 11879 13756 63.1 e —
001 0 0 | 5552 135 | 5814 1.48

0.01 hut 0 53.84 1.41 58.27 1.47
0.01 0 hut 52.45 3.48 56.53 3.06
0.01 hut hut 51.81 3.43 54.04 3.33

th : Taylor-Hood elements bb : bubble-enriched Taylor-Hood elements

h
hut: 7,9 su = §||Uh\|oo,m
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Numerical Results

Rayleigh-Bénard - Pr = 0.786, Mesh Convergence

N=10-32% = 1.1-10"DoFs VS. DNS with 1.5 - 10° DoFs
0.14 ;
® %
0.135 +
* *$
m L
3 0.13 * %
p O N=10-8 th | * &
g 0125 O N=10-8 bb| ¢
. % N =10-16 th 0o
=z 012 O N =10-16 bb
O N =10-32th o
0.115 | % DNS Pr=0.786 ]
DNS Pr=0.7
011 L ‘ ‘ ‘ Q
10° 10° 107 108 10°
Ra

S. Wagner, O. Shishkina und C. Wagner. ,Boundary layers and wind in cylindrical
Rayleigh—Bénard cells“. In: Journal of Fluid Mechanics 697 (2012), S. 336—-366
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Numerical Results

Rotating Rayleigh-Bénard Convection, Pr = 6.4, N = 10 - 8°

Ra  Ro Nu®° o Tu,gd,m  Mesh Nu™

107 0.09 157992 0.2971 0.1 aniso | 16.1+0.5
107 0.36 18.9784 0.1057 0.1 aniso | 18.8+0.4
107 1.08 17.3130 0.0620 0.1 aniso | 17.4+0.3
10° oo  16.4804 0.1806 0.1 aniso | 16.5+0.2

10°  0.09 38.8861 0.6861 0.1 aniso | 38.2+0.8
10° 00 32.0387 0.5651 0.1 aniso | 33.2+0.4

10°  0.09 64.8679 6.5222 0.1 aniso | 73.8£1.0
10° 0.36 78.2142 5.9778 0.01 aniso | 72.2£0.9
10° 1.08 71.8906 2.9568 0.01 aniso | 67.0+ 1.6
10° 00 66.2219  2.6035 0.01 aniso | 66.5+1.8

DNS results from:

GL Kooij, MA Botchev und BJ Geurts. ,Direct numerical simulation of Nusselt number
scaling in rotating Rayleigh—Bénard convection“. In: International Journal of Heat and
Fluid Flow 55 (2015), S. 26-33
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Numerical Results

Rayleigh-Bénard Convection - Pr = 6.4, Ra € {10%,10°}

LY b

uz = £0.007, Ro € {0.09,00} 6 = £0.15, Ro € {0.09, 00}

3 ]

Ra=|g|BA0H3/(va)  Pr=v/a  Ro= Ue/(2|w|H)

g
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Numerical Results

Strong Scaling

Total Strong Scaling Total Weak Scaling
; e
10 : 10* S
N
RN P Tl
@ \"\\ \"\ w ”__,,_——-“"""‘""'x
£10 N E10%) ¥ kmmxmmmm T *
0] ~ x 0] A R
€ x. S o eXmmm =X
= ~ = i
c x = * o x---m X
=] ~ S B
= ~ = - - %= _x
© © 2 -—"
510 E 510 T E
= = o m———"
==X
«-1280 - 4" cells * «-80 - 2" cells /process
—Linear scaling —Perfect weak scaling
10! 0 2 10! 0 2
10 10 10 10
# processes # processes
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Numerical Results

Detailed Scaling

5242880 cells

su Assemble |3
-1 Solve
b Assemble
«-b Solve

p Assemble |

p Solve
-1 Assemble
-1 Solve
-0 Asssemble |
-6 Solve
—Linear scaling

102 103 104
# processes
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Summary

Summary

Analysis for the fully discretized model:
@ quasi-optimal error estimates
@ semi-robust error estimates

@ extension to variable time step size possible

Numerical results:

@ grad-div stabilization essential
@ LPS stabilizations

e diminish unphysical oscillations
e negligible for suitably problem adapted meshes
e suitable as simple subgrid model

@ convincing scaling results for the implementation

@ bubble-enrichment always beneficial
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Summary
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Summary

Compatibility Condition

Let Vo(M) = {vnlm: vh € Vi, v, =00nQ\ M} fulfill the
compatibility condition

) (Vh, Wh)M
d6, > 0: inf sup > Bulh,M).
u WhED y, e vi(M) HVhHLZ(M)HWhHLZ(M) u(h, M)

Then there exists an interpolation operator i,: V — V, such that it
holds forall 1 < I, < k, + 1, v € VN [W"23(Q)]? and wy, € Dy:

(v—iyv,wp) =0

v — iuvllizqmy + v = isVlwr 2y < Chig IV w2 (o)

G. Matthies, P. Skrzypacz und L. Tobiska. ,A unified convergence analysis for local projection
stabilisations applied to the Oseen problem®. In: ESAIM-Mathematical Modelling and Numerical
Analysis 41.4 (2007), S. 713-742
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Summary

Convective Terms Il

Lemma

Provided the compatibility condition holds true and assuming
u(ty) € [Whe(Q)]9, up, € [W'>°(Q)]9 the difference of the
convective terms can be bounded by

u.e)) — c(um, um, e))

c(u;
1
S?Z 2h2 ||77u||L2 +3€|||nu|||LPS+46|||en|||LPS
M

2

h
" )\U|w1 oo(M))

C|:’u|W1,oo(Q) I ((6/72 4 = max

IF 67'M|Eht||2/v1,oo(/\//)} HehHi?(Q)'
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Summary

Rayleigh-Bénard - Thermal Boundary Layer Thickness

05 Y 10°
\ —— (%) N=10-8
\ 3e— (5g)lettom N =10 - 8%
\ (3g)tr =10-16°
\\ * <§ﬁ>hu[(um N=10-16*
\
= 0 W v
\
\
\
\
\
\
0'5—0,5 0 0.5 10° 10° 107 108 10°
z Ra

@ Anisotropic Mesh using Q»/Q;/Q> - Elementen
@ yy = 0.1fir Ra € {10°,10”} und yy = 0.01 for Ra = 10°
@ (Jp) x Ra—0-28
S. Wagner, O. Shishkina und C. Wagner. ,Boundary layers and wind in

cylindrical Rayleigh—Bénard cells”. In: Journal of Fluid Mechanics 697
(2012), S. 336-366
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Summary

Rayleigh-Bénard - Non-Dimensional Formulation

pri/2 /2
5‘tu+(u-V)u: pr+ WAU+092+R7092 X u+Fr9ez X (ez X r)
V-u=0
A
Wt V0=~ papareron
Ra = |g|BA0H? /(va) eL=H reference length
Pr=v/a @ D=TH cylinder diameter
Ro = U/(2|w|H) @ U=/|g|fAAD free fall velocity
Fr=|wl’H/g < 1 @ T=Le/U characteristic time
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